
Potential performance theory (PPT) was developed by 
Trafimow and Rice (2008) as a general theory of task per-
formance that specifies the relationships among actual per-
formance, true performance, and randomness. Although 
Trafimow and Rice performed mathematical simulations 
of the theory’s consequences given various starting points, 
and even performed an illustrative experiment, they did not 
fully explore the potential of PPT as a methodological tool. 
We believe that there are such implications and that they 
are important. Consequently, our main goals are to work 
out these implications in detail, perform an experiment 
to demonstrate them, and illustrate how the conclusions 
drawn from traditional methods are misleading in the ab-
sence of the proposed methods. Furthermore, we introduce 
new mathematical equations that further enhance the use 
of PPT. To aid in demonstrating this new methodology, we 
use an example paradigm, whereby participants perform 
a high-fidelity target-detection task; however, we want to 
be clear that our goal is to demonstrate the proposed PPT 
methodology, rather than to contribute extensively to the 
literature on this particular paradigm.

A Summary of PPT

PPT is based on the idea that a person’s observed per-
formance on a task is influenced by two variables: (1) the 
combination of the nonrandom factors that are relevant to 
the performance of the task, which PPT terms strategy, 
and (2) random factors. For those people whose strategy is 
better than randomness, it is easy to demonstrate that lack 
of consistency (randomness) decreases task performance 
(see Trafimow & Rice, 2008, Figure 1). PPT quantifies 
what the person’s expected task performance would be if 
random factors were completely eliminated—that is, if 

the person were to execute a perfectly consistent pattern 
of behavior. In addition, PPT quantifies what the person’s 
task performance would be under any level of consistency 
that the researcher desires to consider.

PPT is based, in part, on classical true-score theory. 
According to classical true-score theory, observed perfor-
mance is determined by two factors: a person’s “true” score 
and random error (for reviews, see Allen & Yen, 1979; 
Cohen & Swerdlik, 1999; Crocker & Algina, 1986; Lord 
& Novick, 1968). Interestingly, although random error is, 
by definition, random, it can have systematic effects on 
correlation coefficients. As random error increases, cor-
relations between variables decrease. Classical true-score 
theorists derived a “correction” formula that provides the 
expected value for the true correlation if the measures of 
the variables are perfectly reliable and have no random 
error. Specifically, the expected value for the true cor-
relation coefficient is based on the observed correlation 
coefficient, adjusted for the reliability of the measures of 
the relevant variables. Equation 1 gives the correction for-
mula, where R is the true correlation between variables X 
and Y, and rXX ′ and rYY′ are the reliabilities of the measures 
of the two variables, respectively.
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Because task performance is not usually studied via cor-
relation coefficients, it may seem that Equation 1 is not 
particularly helpful. But here is where PPT comes in: PPT 
explains how it is possible to take advantage of Equation 1, 
despite the fact that researchers interested in skill acqui-
sition tend not to use correlations. Put briefly, PPT com-
mences by assuming a dichotomous task and two blocks of 
task performance trials. For example, the option for each 
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mance table is based on an adjusted correlation coefficient 
that takes inconsistency into account, it will henceforth be 
termed a true table. To indicate that the frequencies in the 
new table are estimates of true scores, they will be denoted 
by uppercase letters. Thus, A, B, C, and D indicate estimates 
of true-score cell frequencies, and R1, R2, C1, and C2 indi-
cate the fixed margin frequencies.1 Equations 4, 5, 6, and 7 
give the true frequency estimates for cells A, B, C, and D, 
respectively. Alternatively, once Equation 4 is used to find A, 
the other cells can be determined by subtraction from the 
appropriate row or margin frequencies.
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Methodological Implications 
for Practice Studies

If a person’s observed performance is close to perfect, 
it is easy to deduce that she must have had a good strategy 
and used it consistently. Less clear, but of more interest, is 
when a person’s observed performance is in the interme-
diate range; that is, the person’s observed performance is 
better than randomness, but also far from perfect. In this 
case, there are many possibilities. At one extreme, the per-
son might have an optimal strategy, but uses it inconsis-
tently. At the other extreme, the person might have a poor 
strategy, but uses it consistently. To the extent that strate-
gies approach optimality, poor performance is caused by 
lack of consistency. And to the extent that strategies are 
poor (but better than randomness), intermediate observed 
performance might nevertheless be achieved by their con-
sistent use. Thus, inconsistent use of a good strategy will 
result in a decrease in observed performance, and consis-
tent use of even a bad strategy might nevertheless result in 
reasonably good observed performance.

Let us now consider these issues in the context of practice 
studies. Suppose that a researcher conducts a practice study, 
finds that the experimental condition mean exceeds the con-
trol condition mean, and concludes that practice improved 
performance. Of course, researchers recognize the fallacy 
of concluding that the practice caused everyone to improve; 
rather, the conclusion researchers would draw is that, on av-
erage, there was improvement. But this vague type of caveat 
is not satisfactory. Why did some people not improve? It 
could be because they were not influenced by the practice. 
Alternatively, the practice might have endowed them with 

trial might be “yes” or “no,” and the correct answer might 
be “yes” or “no.” Across all of the trials, then, it is pos-
sible to construct a 2 (option chosen) 3 2 (correct option) 
frequency table giving the number of times the person an-
swered “yes” correctly or incorrectly (in signal detection 
theory terms, these are hits and false alarms, respectively) 
and the number of times the person answered “no” cor-
rectly or incorrectly (in signal detection theory terms, these 
are correct rejections and misses, respectively).

Although PPT and signal detection theory use similar 
2 3 2 tables, they deal with different issues. The former 
distinguishes between strategy and consistency, whereas 
the latter distinguishes between sensitivity and bias. 
Therefore, the two theories are not interchangeable, nor 
can one be substituted for the other.

It is possible to convert the 2 3 2 table into a correlation 
coefficient, using the standard formula for computing a 
phi coefficient, with Equation 2. The cells are designated 
a, b, c, and d for the first, second, third, and fourth cells, 
respectively; and r1, r2, c1, and c2 designate the row and 
column margin frequencies (see Table 1).
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If data from two blocks of trials are collected, it is also 
possible to compute, within each participant, the correla-
tion between the two blocks. This correlation coefficient 
represents each participant’s consistency (rXX ′). Although 
PPT allows for tasks where there is no correct answer, 
and so the criterion is agreement with others (i.e., rela-
tive, rather than absolute, performance), this will not be 
the present focus. Rather, for our purposes, we can as-
sume that there is an objectively correct answer, so the 
consistency of the objective answers is equal to unity. 
Consequently, the correlation obtained in Equation 2 can 
be corrected using Equation 3:
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Equation 3 provides the corrected correlation. The final 
step is to convert the corrected correlation back into a perfor-
mance table (for proofs of Equations 4–7 below, see Trafi-
mow & Rice, 2008, Appendix B). In essence, analogous 
to a chi-square or Fisher’s exact test, PPT fixes the margin 
frequencies and adjusts the cell frequencies on the basis of 
the adjusted correlation coefficient. Because the new perfor-

Table 1 
A 2 (Participant Choice) 3 2 (Correct Choice) Frequency Table, 

Where a, b, c, and d Indicate the Actually Observed  
Cell Frequencies, and r1, r2, c1, and c2 Designate  

the Row and Column Margin Frequencies

Participant
Choice Row

 Correct Choice  Yes  No  Margin  

Yes a b r1
No c d r2

 Column margin  c1  c2    
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of interest.) In all equations, the subscript DES indicates 
that these are estimates of desired values, rather than ac-
tually observed or true values. Thus, the desired adjusted 
correlation giving the desired goodness of the strategy is 
RDES; the desired level of consistency is rDES–XX ′; and the 
desired cell frequencies are ADES, BDES, CDES, and DDES.

A Methodological Paradigm Derived From PPT
To use PPT, it is necessary to have two blocks of task 

performance trials, so that consistency and observed per-
formance can be measured. Subsequent to practice, it is 
necessary to have two more blocks of task performance 
trials, for a total of at least two sessions of two blocks of 
task performance trials. This may seem repetitious, but it 
is necessary to allow for observed performance and con-
sistency to be assessed before and after practice. Given 
that observed performance and consistency are obtained 
for each participant both before and after practice, PPT 
allows for the calculation of true performance both be-
fore and after practice. In summary, whether because of 
direct observation or because of using PPT equations, the 
researcher will have values for observed performance, 
consistency, and true performance, both before and after 
practice, for every participant in the experiment.

At this point, answers to the questions brought up in the 
foregoing section can be derived mathematically. Let us 
consider, for example, a hypothetical Participant A, whose 
observed performance did not improve from prepractice 
to postpractice. If consistency was unchanged as well, it is 
clear that the training failed to influence Participant A. But 
suppose that Participant A’s consistency actually decreased 
from prepractice to postpractice, but his observed perfor-
mance remained unchanged. In that case, it is clear that 
the practice must have provided him with a better strategy 
that balanced out the decrease in consistency. In this case, 
it would be a mistake to conclude that the practice did 
not do anything. Rather, the practice had a positive effect 
on strategy and a negative effect on consistency, and the 
two balanced each other out. Perhaps simple rehearsal of 
the new strategy would increase consistency too, thereby 
resulting in increased observed performance.

Let us consider hypothetical Participant B, whose 
observed performance did increase from prepractice to 
postpractice. Did the practice provide her with a better 
strategy? There are multiple possibilities. If consistency 

a better strategy, but they might have used it with less con-
sistency. Superior strategy and inferior consistency might 
balance each other out to result in zero improvement in ob-
served performance. And for those who did improve, why 
did they improve? The practice could have improved their 
strategy, or their consistency, or both. It would be desirable 
to know how much strategy and consistency improved, and 
how much each of these improvements contributed to the 
improvement in people’s observed performance. It is even 
possible that there is a joint effect, whereby improvements 
in both strategy and consistency combine in a nonadditive 
way. We hope to demonstrate a methodology that can answer 
these important, but previously intractable, questions.2

Deriving Desired Cell Values
When setting up the proposed methodology, it is impor-

tant to distinguish among three types of cell values. We 
have already discussed observed cell values (a, b, c, d ) 
and estimates of true cell values (A, B, C, D). There are 
also desired cell values: the best estimates of values that 
would be obtained given any desired level of observed 
cell values and consistency that the researcher wishes to 
investigate. Because the focus of the original PPT article 
is theoretical, it does not provide the required mathematics 
to serve our present methodological purposes, so it will 
be necessary to provide new derivations here. To see the 
necessity for deriving desired cell values, consider, for 
example, that one might wish to know how much of a dif-
ference an increase in consistency would make, keeping 
strategy (i.e., true successes) constant. Or one might wish 
to know how much of a difference an increase in strategy 
would make, keeping consistency constant. Finally, one 
might wish to know how much the joint effect of a change 
in consistency and a change in strategy would influence 
observed successes above and beyond that which would 
be obtained from either change alone.

Equations 8–11 (see below) provide the means for ob-
taining the desired cell values, given that the values for the 
adjusted correlation indicating the goodness of the strategy 
(RDES) and consistency (rDES–XX ′) are set at whatever levels 
the experimenter wishes to explore. These equations are 
derived in Appendix A. (Although unnecessary for analyz-
ing the data to be presented, Appendix B provides a deriva-
tion of equations that can be used for analyzing data where 
relative performance, rather than absolute performance, is 

	
A

R r R R C C C R

R R
XX

DES
DES DES=

+
+( )

− ′ 1 2 1 2 1 1

2 1 	
(8)

	
B

R R R R r R R C C C R

R
XX

DES
DES DES=

+( ) − +( )− ′1 1 2 1 2 1 2 1 1

22 1+( )R 	
(9)

	
C

C R R r R R C C

R R
XX

DES
DES DES=

−
+( )

− ′1 2 1 2 1 2

2 1 	
(10)

	
D

C R R R R R R r R R CXX

DES

DES DES=
+( ) − +( ) − − ′2 1 2 1 1 2 1 2 1CC C R

R R

2 1 1

2 1

+( )





+( ) 	
(11)



362        Trafimow and Rice

effect of the change of consistency on observed successes, 
controlling for strategy.

Controlling for consistency. The researcher may wish 
to assess the effect of a change in strategy on observed 
successes, if consistency for the postpractice trials re-
mained at the prepractice level. In other words, it is some-
times useful to calculate the effect of a change in strategy, 
controlling for consistency. To do this, the foregoing steps 
can be followed, with the exception that modifications of 
Step 1 and Step 2 are necessary.

Modified Step 1. To obtain true values for R, A, B, C, 
and D, use Equations 3–7, respectively, on the prepractice 
data, as before. In addition, obtain R from the postprac-
tice data by first obtaining rφ from the actually obtained 
postpractice data according to Equation 2 and adjusting it 
using Equation 3.

Modified Step 2. Instantiate the desired values into 
Equations 8–11.

a. Set RDES at the value that was obtained for R during  
  the postpractice block.
b. Set rDES2XX ′ at the level that was obtained for rXX ′  
  during the prepractice block.
Obtaining the joint effect. To obtain the predicted 

joint effect in the postpractice session, it is merely neces-
sary to use the foregoing procedure, but with yet another 
slight modification of Step 2.

Further Modified Step 2. Instantiate the desired values 
into Equations 8–11.

a. Set RDES at the value that was obtained for R dur- 
  ing the postpractice block.
b. Set rDES2XX ′ at the level that was obtained for rXX ′  
  during the postpractice block.
The foregoing procedures give (1) the effect of change of 

consistency on observed successes, controlling for change 
in strategy; (2) the effect of change of strategy on observed 
successes, controlling for change in consistency; and (3) the 
predicted joint effect of changes in strategy and consistency 
based on the strategy and consistency in the postpractice 
session, but using the margin frequencies from the pre-
practice session. To the extent that the predicted joint effect 
exceeds the effect of consistency (controlling for strategy) 
and the effect of strategy (controlling for consistency), the 
researcher has an indication of how much power the joint 
effect has above and beyond the individual effects of change 
in consistency and change in strategy.

Remember that an important assumption made by PPT 
is that the margin frequencies can be fixed, which justifies 
the use of prepractice margin frequencies. To the extent 
that this assumption is wrong, the actual joint effect, exem-
plified by the actually observed proportion of postpractice 
successes, should differ from the predicted joint effect, 
calculated using prepractice margin frequencies. This as-
sumption can be tested by correlating predicted and actu-
ally observed joint effects, as will be demonstrated later.

The following experiment was performed to test all of 
these possibilities within the context of a high-fidelity 
target-detection experiment. As is common with experi-
ments that measure performance effects over time, (1) the 
task was repetitive; (2) the task was difficult enough to 
reveal performance improvements; (3) feedback was pro-

did not increase, it is clear that the better observed per-
formance can be attributed solely to an improvement in 
strategy, which should be reflected by a true performance 
increase. If true performance did not increase, it is clear 
that the practice must have improved consistency, which 
should be reflected by an improved consistency score from 
prepractice to postpractice. Now, suppose that there was a 
large improvement in observed performance, coupled with 
small improvements in consistency and true performance. 
And suppose that even the additive effects of the improve-
ments in consistency and true performance cannot fully 
account for the improvement in observed performance. In 
this case, it is clear that some of the improvement in ob-
served performance must have been due to the joint effect 
of improved consistency and strategy.

It is possible to restate the foregoing points more pre-
cisely, considering that Equations 8–11 can be used in 
at least three ways. The first way is to find out what the 
success rate would be at any particular level of consis-
tency that the experimenter wishes to test. For example, 
suppose that a person’s true score and consistency both 
change from prepractice to postpractice. It is an easy mat-
ter to obtain observed and true tables from both sessions, 
given Equations 4–7. It is also an easy matter to obtain 
the consistency coefficient (rXX ′) from the data, and the 
adjusted correlation coefficient (R) from Equation 3. But 
how would the change in consistency have influenced the 
observed proportion of successes if there had been no 
change in strategy? To answer this question, the researcher 
would perform the following steps.

Controlling for strategy. The following steps allow 
the researcher to determine the effect of the change in con-
sistency while controlling for any change in strategy that 
might have occurred.

Step 1. To obtain true values for R, A, B, C, and D, use 
Equations 3–7, respectively, on the prepractice data. Remem-
ber to fix the margin frequencies at the obtained values.

Step 2. Instantiate the desired values into Equa
tions 8–11.

a. Set RDES at the value that was obtained for R dur- 
  ing the prepractice block.
b. Set rDES2XX ′ at the level that was obtained for rXX ′  
  during the postpractice block.
Step 3. Solve Equations 8–11 based on the instantiated 

values.
Step 4. The desired level of total successes (TDES) is 

obtained by the cells along the major diagonal. In math-
ematical notation, TDES 5 ADES 1 DDES.

Step 5. The desired proportion of successes (PDES) is 
obtained by dividing the result from Step 4 by the number 
of trials. In mathematical notation,

	
P

T

R RDES
DES=
+( )1 2

.
	

Step 6. Subtracting from PDES the observed proportion 
of successes obtained from the prepractice trials gives 
the difference that the change in consistency made in ob-
served successes, keeping the goodness of the strategy 
at the same level in the postpractice trials as it was in the 
prepractice trials. Put another way, the difference is the 
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was available to answer any questions. The instructions included a 
picture of the simulated tank. Participants pressed a key on the key-
board when they were ready to begin the experiment.

Participants were presented with five sessions of 100 trials each. 
Each session lasted approximately 20–30 min and consisted of 
two blocks of 50 trials per block. Within each session, participants 
viewed identical trials across the two blocks. This was done to pro-
vide consistency measures, as required by PPT. Participants were 
given a 5-min break between each block and session.

Each trial began with a blank screen followed by the image display 
on a white background. The aerial image was presented for 4 sec, 
which, based on prior research using this same task, is the average 
amount of time people tend to take to inspect a single aerial image 
(Rice et al., in press). Subsequently, a choice display was presented 
with the following question: “Was there a tank present? J 5 Yes, F 5 
No.” Participants then had 10 sec to press the appropriate key to re-
cord their response. Following this, a feedback display appeared for 
1 sec, informing the participants whether they were correct or not.

Results
A downloadable macro of the program we created to 

conduct PPT analyses can be found at www.stephenrice 
.us/macro.html. Five types of results are presented. In 
the first section, the data were analyzed traditionally, and 
the resulting traditional conclusion is presented. Second, 
means of PPT analyses across the sample are presented. 
Third, PPT analyses on individuals, based on why their 
performances improved (or, in a few cases, did not im-
prove), are presented. Fourth, the evolution of the skill ac-
quisition process is considered. Finally, the ability of PPT 
to predict observed postpractice performance is assessed.

Traditional analyses. To perform a traditional test of 
the effects of practice on performance, we performed a 
5 (session) 3 2 (block) within-participants ANOVA. We 
obtained a main effect of session (M1 5 .73, M2 5 .79, 
M3 5 .81, M4 5 .84, M5 5 .86) [F(1,23) 5 18.90, p , .05, 
η2

p 5 .451]. A polynomial analysis on these means shows 
a significant linear trend, but the higher order trends were 
not significant. In addition, there was no significant effect 
of blocks, nor was the session effect qualified by a ses-
sion 3 block interaction.

Group PPT analyses. The foregoing analyses indicate 
that, on average, practice improved observed performance. 
However, it is desirable to assess whether there also were 
parallel effects on PPT variables. In fact, strategy (indexed 
by true performance) improved across sessions (M1 5 .80, 
M2 5 .84, M3 5 .87, M4 5 .91, M5 5 .91), the difference 
from M1 to M5 being .11. Consistency also improved (M1 5 
.46, M2 5 .69, M3 5 .69, M4 5 .71, M5 5 .80), the difference 
from M1 to M5 being .34. Clearly, at least at the group level, 
the data indicate that both PPT variables were influenced by 
practice, thereby improving observed performance.

Individual-level PPT analyses. With 24 participants 
to consider, it is difficult to present individual-level analy-
ses in a coherent manner. We arbitrarily defined improve-
ment as an increase of at least .05 from the first session 
to the fifth session for strategy, and as an increase of at 
least .10 from the first session to the fifth session for con-
sistency. Thus, this section is organized in terms of par-
ticipants who improved in strategy but not in consistency, 
participants who improved in consistency but not in strat-
egy, and participants who improved in both categories. 

vided on all trials; (4) the participants were motivated to 
do well and improve their performance; and (5) the entire 
session took less than 2 h.

The Present Experiment

To test the effectiveness of the proposed methodologi-
cal paradigm, we chose to use a task in which people were 
presented with aerial photographs and were asked to detect 
whether or not there was an enemy target present (Rice, 
in press; Rice, Trafimow, Clayton, & Hunt, in press). Al-
though this task may seem more complex than absolutely 
necessary, there were two reasons for using it. First, our 
previous research indicated that the task was sufficiently 
difficult to allow room for practice to cause improvement 
(Rice, in press; Rice et al., in press). Second, because of 
our previously having conducted similar research, the pro-
gramming had already been done, making the present task 
convenient to use.

To make it possible to calculate each participant’s con-
sistency within each of the four sessions, there were two 
blocks of trials within each session. Of course, we were also 
able to calculate observed performance in terms of the per-
centage of times the person detected the target when it was 
there (hit), did not detect the target when it was there (miss), 
detected the target when it was not there (false alarm), and 
did not detect the target when it was not there (correct re-
jection). From the combination of consistency data and ob-
served performance, Equations 1–7 were used to estimate 
true cell frequencies for the 2 3 2 table, from which it was 
possible to compute the adjusted correlation coefficient and 
true performance (our index of strategy), for each partici-
pant for each session of two blocks of 50 trials.

Method
Participants. Twenty-four members of the New Mexico State 

University community (12 female) participated in the experiment for 
course credit. To ensure that the task would be novel, and thus provide 
room for the training to be effective, none of the participants were 
selected for their expertise in analyzing aerial photographs. The mean 
age was 20.8 years (SD 5 3.9). Participants were screened for normal 
or corrected-to-normal visual acuity, using a Snellen eye chart, and 
for color vision, using Ishihara’s Tests for Color-Blindness.

Material and Stimuli. The experiment was presented on a Dell 
PC with a 2.0-GHz processor, using a 20-in. monitor with 1,024 3 
768 resolution and a 65-Hz refresh rate. Participants were seated ap-
proximately 21 in. from the monitor, with head position controlled 
by a chinrest.

Target-present trials were created by digitally blending a simulated 
tank onto 25 aerial images of Baghdad taken from approximately 
6,000 ft in altitude, which is typical for this type of aerial inspec-
tion when conducting military surveillance. This was done using 
Photoshop CS2; the tank was placed randomly within the confines 
of the photograph, and then the two layers were digitally merged. 
Target-absent trials were created by using the same 25 aerial images 
without the tank. The tank took up approximately 2º 3 2º of visual 
angle, which guaranteed that it would not be disproportional to the 
rest of the landscape features (e.g., buildings), and was displayed in 
one of eight randomly assigned orientations facing north, northeast, 
east, southeast, south, southwest, west, or northwest. The order of 
presentation was randomized for each participant.

Procedure and Design. Participants first signed a consent form 
and were then seated in a comfortable chair facing the experimental 
display. Instructions were presented on-screen, and an experimenter 
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Note that the multiplicative effect of the two increases 
greatly outstrips the improvement that would have been 
engendered by either increase alone, or even by the addi-
tion of the two increases.

Observed performance did not improve by at least .05. Four 
participants failed to improve by at least .05. According to 
PPT, there are two ways for a person not to change much 
in observed performance. First, there might be very little 
change in strategy and consistency. For example, Participant 
21 improved by only .02 in strategy and .08 in consistency, 
netting an improvement of only .04 in observed perfor-
mance. Second, and more interestingly, however, a person 
could change markedly in both strategy and consistency, but 
in opposite directions, thereby rendering very little change 
in observed performance. Participant 8 provides a nice ex-
ample of this. This participant increased by .39 in consis-
tency, but decreased by .08 in strategy, for a net increase in 
observed performance of only .02. Note that, had strategy 
remained unchanged, this participant would have improved 
by an impressive .09, and, had consistency remained un-
changed, the observed score would have decreased by .03.

The evolution of practice. Researchers may be inter-
ested in changes in observed performance, strategy, and 
consistency across all of the sessions. In our opinion, the 
easiest way to get an idea of how these changes evolve over 
sessions is to graph the variables, but separately for each 
participant. Figure 1 illustrates the possibilities that arise 
from this type of analysis. In Figure 1, the true performance, 
consistency, and observed performance of Participant 13 is 
shown across all five sessions. From Session 1 to Session 2, 
this participant increased only .04 in strategy, but increased 
by .34 in consistency. Thus, the .14 increase in observed 

Finally, 4 participants did not improve by at least .05 in 
their observed scores (see Table 2).

Only strategy improved. One participant improved 
by at least .05 in strategy without also improving by at 
least .10 in consistency. Participant 14 increased in strat-
egy from .89 to .97, an increase of .08. This participant’s 
consistency increased hardly at all, from .87 to .88. Thus, 
the improvement in observed performance from .86 to .94 
was completely due to an improvement in strategy.

Only consistency improved. Five participants improved 
by at least .10 in consistency without also improving by at 
least .05 in strategy. For example, Participant 15 improved 
from .36 to .75 in consistency, decreased slightly from .83 
to .82 in strategy, and increased in observed performance 
from .70 to  .78. Clearly, for this participant, improve-
ment was due solely to the increase in consistency. Par-
ticipant 11 was possibly the most interesting case in this 
group: This participant increased in consistency by .58, 
but decreased in strategy by .15. So, although the increase 
in consistency more than compensated for the decrease 
in strategy—rendering a .12 increase in observed perfor-
mance—observed performance would have improved by 
.22 had there been no decrease in strategy.

Both strategy and consistency improved. Fourteen par-
ticipants improved by at least .05 in strategy and .1 in con-
sistency. A nice example was Participant 7, who increased 
in strategy from .56 to .95 and in consistency from .11 
to .79, and whose observed score increased from .52 to 
.90—a whopping difference of .38. Had only strategy in-
creased, the improvement in observed performance would 
have been .13; and had only consistency increased, the im-
provement in observed performance would have been .03. 

Table 2 
Individual-Level Data From PPT Analyses

Session 1 Session 2 Session 3 Session 4 Session 5

Observed True Observed True Observed True Observed True Observed True
Participant  Score  Score  r  Score  Score  r  Score  Score  r  Score  Score  r  Score  Score  r

1 .70 0.89 .26 .70 0.81 .41 .70 0.78 .52 .72 0.79 .57 .84 0.93 .63
2 .72 0.79 .59 .86 0.91 .79 .88 0.92 .84 .92 0.95 .88 .86 0.89 .87
3 .64 0.70 .51 .84 0.89 .74 .86 0.89 .87 .92 1.01 .67 .90 0.94 .83
4 .80 0.89 .59 .72 0.76 .71 .82 0.87 .74 .86 0.91 .79 .90 0.96 .75
5 .70 0.78 .50 .76 0.82 .66 .84 0.89 .77 .84 0.93 .63 .88 0.89 .96
6 .58 0.61 .49 .84 0.91 .68 .86 0.89 .87 .82 0.89 .67 .92 0.94 .92
7 .52 0.56 .11 .80 0.84 .77 .80 0.83 .82 .86 0.89 .87 .90 0.95 .79
8 .70 0.83 .37 .68 0.79 .39 .64 0.70 .47 .70 0.77 .56 .72 0.75 .76
9 .66 0.76 .39 .64 0.74 .34 .74 0.80 .63 .78 0.83 .70 .80 0.83 .81

10 .84 0.89 .75 .84 0.87 .87 .90 0.93 .87 .90 0.96 .75 .86 0.90 .83
11 .78 1.10 .22 .86 0.97 .58 .86 1.04 .45 .88 0.93 .80 .90 0.95 .80
12 .54 0.62 .12 .58 0.65 .27 .48 0.56 .10 .44 0.77 .05 .44 0.68 .12
13 .70 0.83 .37 .84 0.87 .83 .82 0.88 .72 .80 0.85 .73 .88 0.94 .74
14 .86 0.89 .87 .92 0.96 .84 .94 0.96 .92 .90 0.93 .88 .94 0.97 .88
15 .70 0.83 .36 .76 0.80 .75 .72 0.76 .71 .78 0.94 .41 .78 0.82 .75
16 .88 1.01 .55 .84 0.85 .96 .86 0.93 .71 .94 0.98 .84 .96 1.00 .84
17 .72 0.84 .42 .78 0.86 .59 .82 0.88 .72 .90 0.95 .80 .94 0.97 .88
18 .58 0.65 .28 .80 0.85 .73 .84 0.91 .70 .84 0.88 .82 .84 0.86 .88
19 .82 0.91 .60 .92 0.97 .81 .88 0.94 .74 .94 0.99 .82 .96 1.00 .84
20 .86 0.92 .72 .94 0.97 .88 .96 0.98 .92 .94 0.97 .89 .96 0.97 .96
21 .88 0.91 .87 .88 0.89 .96 .94 0.98 .85 .86 0.91 .79 .92 0.93 .96
22 .78 0.85 .62 .80 0.85 .73 .88 0.92 .83 .88 0.90 .88 .90 0.94 .83
23 .64 0.71 .44 .80 0.88 .64 .82 0.87 .76 .78 0.88 .53 .82 0.86 .80
24 .50 0.50 .11 .50 0.50 .14 .40 0.86 .08 .94 1.02 .70 .86 0.89 .83

Note—True scores theoretically cannot go over 1.0; however, since these are estimates, they sometimes exceed 1.0 in the table.
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related with the actually observed scores, and a correla-
tion of .982 was obtained. Second, predicted observed 
scores were subtracted from actually observed scores to 
determine the size of the differences. The mean difference 
was .00, but this is misleading because deviations in the 
positive direction balanced out deviations in the negative 
direction. After converting differences to absolute values, 
the mean was .007. Thus, it seems safe to conclude that 
the assumptions of PPT were not an important problem, at 
least with respect to the present data set.

Discussion
The combination of PPT with the equations derived 

here allows for new within-participants analyses that dis-
tinguish observed scores, true scores, and consistency. 
The importance of these distinctions is illustrated by 
comparing the conclusions implied by traditional analyses 
between prepractice and postpractice means with the con-
clusions implied by within-participants analyses that take 
PPT variables into account. The traditional analyses imply 
that practice should improve skill acquisition, which would 
be the traditional conclusion. But the within-participants 
analyses demonstrate that this conclusion should be quali-
fied by a host of more complex considerations. For in-
stance, even considering only the participants for whom 
practice improved observed performance, there are dif-
ferent reasons for the improvement. Some participants 

performance is due mostly to the increase in consistency. 
This contrasts with the changes from Session 4 to Ses-
sion 5, where consistency increased trivially (by .01) and 
strategy increased impressively (by .09), thereby rendering 
a .08 increase in observed performance that is mainly due to 
the increase in strategy. Overall, Figure 1 demonstrates that 
the same participant can improve observed performance for 
different reasons at different times: The early improvement 
was due mainly to consistency, whereas the late improve-
ment was due mainly to strategy.

The match between prediction and observation. 
PPT depends on two classes of assumptions. First, PPT 
makes the same assumptions that classical true-score 
theory makes—namely, an observed score is composed 
of a true score plus an error component, errors are uncor-
related, and so on (for reviews, see Allen & Yen, 1979; 
Cohen & Swerdlik, 1999; Crocker & Algina, 1986; Lord 
& Novick, 1968). Second, to make the mathematics work 
out, PPT assumes that the margin frequencies can be 
fixed; it is permissible to use margin frequencies obtained 
in Session 1 to make predictions about observed perfor-
mance for Session 5. To the extent that these assumptions 
are incorrect, we would expect the observed scores pre-
dicted by PPT (based on Session 1 margin frequencies) 
for Session 5 to be different from the actually observed 
scores. This issue was addressed in two ways. First, the 
joint effect predicted by PPT on observed scores was cor-
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nition and human factors literature is full of examples 
where PPT could provide additional and potentially 
counterintuitive information regarding the tasks at hand. 
For example, recent studies have analyzed the difference 
between 2-D and 3-D displays in aviation (e.g., Alexander, 
Wickens, & Hardy, 2005; Thomas & Wickens, 2006), with 
mixed conclusions (that each display is more beneficial 
for a particular type of task). However, a reanalysis using 
PPT could lead to a better understanding of why each par-
ticular display is more useful for a particular task; that is, 
do different displays invoke different strategies, depend-
ing on the task, or do they influence the consistency of 
behavior, again depending on the task?

PPT also can be extended beyond psychology into other 
areas of research, including economics, philosophy, educa-
tion, and others. In economics, much is made of the teaching 
techniques used to improve stock-picking abilities. How-
ever, do these techniques actually improve stock-picking 
strategies, the consistencies with which brokers choose 
stocks, or both? Of course, interest in teaching techniques 
is not limited to economics, but can apply to all areas of 
education as well. When we teach children new methods in 
mathematics or in the sciences, are they improving via these 
new strategies, or are they learning to be more consistent? 
Via PPT methodology, teachers and parents can learn a lot 
about how to improve children’s performance.

In medicine, there is concern about training radiologists 
to improve their scanning techniques while inspecting pa-
tients’ X-rays. Expert radiologists tend to have more effi-
cient scan patterns with shorter fixation durations than do 
novices (e.g., Kundel & LaFollette, 1972; Lesgold et al., 
1988; Revesz & Kundel, 1977). However, it is not clear 
whether these improvements are due to new strategies or 
to a more consistent pattern of inspection. Kundel and La-
Follette found an evolution of visual scanning behavior 
with increased experience in radiology and pointed out 
that the visual scanning patterns experts had developed 
did not correspond to any instructional patterns taught 
in class or presented in textbooks. Gale and Worthington 
(1983) adopted a search strategy that was based on a sur-
vey given to expert radiologists and coached participants 
to use it in a radiology task. Their results indicated that a 
training group did indeed employ the training strategy, but 
that it was not beneficial to their overall performance. The 
authors concluded that training radiologists to adopt a spe-
cific search pattern was not worthwhile. These studies lack 
the ability to analyze individual strategies and consisten-
cies on a case-by-case basis. Perhaps consistency plays a 
much bigger role in radiology—and in other visual-search 
or quality-control tasks (e.g., Schoonard, Gould, & Miller, 
1973)—than has previously been apparent.

PPT methodology is not limited to humans. Automation 
studies in the past 20 years have attempted to explain the 
interaction between humans and automation during per-
formance tasks (e.g., Bainbridge, 1983; Dixon & Wick-
ens, 2006; Dixon, Wickens, & Chang, 2005; Dixon, Wick-
ens, & McCarley, 2007; Lee & Moray, 1994; Parasuraman 
& Riley, 1997; Parasuraman, Sheridan, & Wickens, 2000; 
Rice, in press; Rice et al., in press; Wickens & Dixon, 
2007). Unfortunately, most of these studies do not analyze 

gained by improving their strategy, some by improving 
their consistency, and some by improving both. Some of 
these participants actually decreased in either strategy or 
consistency, but more than countered that decrease with 
an increase in the other variable, thereby resulting in a net 
increase in observed performance.

Four of the 24 participants failed to demonstrate im-
provement in observed scores after practice. For some, this 
was because practice did not have much of an influence 
on either strategy or consistency, thereby leaving observed 
performance relatively unchanged. But for others, there 
was a substantial change in either strategy or consistency 
that was countered by a change in the other variable in 
the opposite direction, thereby resulting in little or no net 
effect on observed performance. Failing to assess strategy 
and consistency might cause one to erroneously conclude 
that practice did not change anything for these individu-
als; whereas the truth of the matter may be that it caused 
changes in two variables, albeit in opposite directions.

In addition, the proposed methodology renders possible 
conclusions not only about why practice has the effects 
that it has (or does not have) on observed performance, 
but also about how these effects evolve over sessions. 
Figure 1 further demonstrates that, even within the same 
individual, the causes of improved observed performance 
can differ at different points in the learning process.

Other tasks. A main concern of the present article was 
to derive equations in the interest of developing a method-
ological paradigm that facilitates the application of PPT 
principles to provide for much more fine-grained analyses 
of skill acquisition data than have hitherto been possible. 
But there are additional implications and applications. For 
example, the paradigm can easily be applied to training 
tasks. At a minimum, it is necessary to have a two-block 
pretraining session and a two-block posttraining session. 
Our methodological paradigm can then be used to parse 
the reasons for the effects of training on observed perfor-
mance. Training could have its effects on observed per-
formance by dint of changes in strategy, consistency, or 
both. For those participants for whom training does not 
increase performance, the present paradigm allows the re-
searcher to determine whether this is because the training 
was truly irrelevant or because it influenced strategy and 
consistency, but in opposite directions.

PPT can also be used effectively for pretraining mea-
sures. When agencies or companies wish to train personnel 
in various tasks, it is useful to know beforehand what type 
of training to use; that is, should they train new strategies 
or attempt to increase operator consistency? Often, these 
training sessions are quite expensive, and a thorough pre-
training analysis can save time and money. For example, 
unmanned aerial vehicle (UAV) operators go through 
extensive training before taking control of live UAV plat-
forms. If the Air Force or Army can assess the pilot trainees 
before beginning a long and expensive training regimen, 
they can determine which is more beneficial: a focus on 
training strategy or a focus on training better consistency.

Training is clearly not the only area that can benefit 
from PPT. Any task that includes performance measures 
can be analyzed via PPT methodology. The applied cog-
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operator consistency during these types of interactions, 
and the ones that do (e.g., Bisantz et al., 2000) fail to allow 
for the same strong conclusions allowed for by PPT. PPT 
can even be used to analyze automation itself. For exam-
ple, diagnostic automation is often proposed for target-
detection tasks (Maltz & Shinar, 2003; Rice, in press; Rice 
et al., in press). This type of automation depends on an 
algorithm that scans an image and returns a recommenda-
tion on whether or not it detects a target. It may be that 
improving an algorithm’s consistency benefits overall per-
formance as much as improving its strategy does.

These are just some examples of how PPT can be used 
to improve methodologies and data analyses of perfor-
mance tasks. Clearly, there could be many more uses than 
those addressed here.

Conclusion
The proposed methodological paradigm, based on PPT, 

provides a vehicle for analyzing the effects of practice on 
how particular individuals acquire skill. This paradigm 
allows researchers to perform more fine-grained analy-
ses than have hitherto been possible and, more specifi-
cally, enables researchers to explain whether the effects 
that are obtained (or not obtained) are due to changes in 
strategy, consistency, both, or neither. In addition, these 
benefits are accrued with minimal assumptions and a very 
simple theory (although the derivation of equations can 
be complex). That these assumptions really are minimal 
is attested to by the fact that the predicted observed scores 
were extremely close to the actually obtained observed 
scores, and that the correlation between the two types of 
scores was extremely high. We hope that researchers will 
take full advantage of the proposed methodological para-
digm, not only to investigate how practice influences skill 
acquisition, but also to investigate other types of tasks.

In addition, however, PPT makes it possible, at least in 
principle, to perform similar analyses on tasks for which there 
are no objectively correct answers. These tasks could include 
moral decision making, negotiations between individuals, 
marital agreements, and others. Appendix B provides equa-
tions that allow not only for the performance of analyses sim-
ilar to those performed here, but also for tasks where the cri-
terion is agreement with another person, rather than whether 
the decisions are objectively correct or incorrect.
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and analyze real data, it is necessary to use nonstandard tables, which, in 
turn, necessitates fixing the margin frequencies at the obtained levels.

2. Although it is not our present focus, an additional advantage of 
the proposed procedure is that it tends to move research away from the 
standard null hypothesis significance testing procedure that has been 
extensively criticized (e.g., Meehl, 1978; Trafimow, 2003, 2005; for a 
recent review, see Trafimow, 2006).

Notes

1. PPT distinguishes between standard tables, where the original mar-
gin frequencies are not preserved, and nonstandard tables, where the 
original margin frequencies are preserved. For demonstration purposes, 
standard tables are fine, but for analyzing real data, it is necessary to use 
nonstandard tables. Because our goal is to demonstrate how to collect 

Appendix A

Goal: Prove Equations 8–11 below.
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We commence with the definition of a phi coefficient that is stated in terms of desired variables, rather than in 
terms of actual variables. We let RφDES symbolize the phi coefficient that results from a table of desired frequen-
cies, and we thereby obtain Equation A1.

	
R
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−
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(A1)

Consistent with Trafimow and Rice (2008), we fix the margin values at the obtained values, thereby rendering 
Equations A2–A5.

	 R1 5 r1.	 (A2)

	 R2 5 r2.	 (A3)

	 C1 5 c1.	 (A4)

	 C2 5 c2.	 (A5)

By definition, the margin values are sums of particular cell frequencies, thereby rendering Equations A6–A9.

	 R1 5 ADES 1 BDES.	 (A6)

	 R2 5 CDES 1 DDES.	 (A7)

	 C1 5 ADES 1 CDES.	 (A8)

	 C2 5 BDES 1 DDES.	 (A9)

Multiplying Equation A1 through by 
  

R1R2C1C2  renders Equation A10.

	 R R R C C A D B CφDES DES DES DES DES1 2 1 2 = − .	 (A10)

Rearrangement of Equations A6–A9 gives Equations A11–A14.

	 BDES 5 R1 2 ADES.	 (A11)

	 DDES 5 R2 2 CDES.	 (A12)

	 CDES 5 C1 2 ADES.	 (A13)

	 DDES 5 C2 2 BDES.	 (A14)

Substitution to eliminate BDES and DDES renders Equation A15.
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Appendix A (Continued)

	 R R R C C A R C C R AφDES DES DES DES DES= = −( ) − −( )1 2 1 2 2 1 .	 (A15)

More substitution, to eliminate CDES, leaves an equation with only one unknown (ADES), and renders 
Equation A16.

	 R R R C C A R C A C AφDES DES DES DE1 2 1 2 2 1 1= − −( ) { } − − SS DES( ) −( ) R A1 .	 (A16)

Expansion of Equation A16 renders Equation A17.

	 R R R C C R A C A A C R C AφDES DES DES DES D1 2 1 2 2 1
2

1 1 1= − + − + EES DES DES+ −R A A1
2 .	 (A17)

Collecting the terms renders Equation A18.

	 R R R C C R A C R R AφDES DES DES1 2 1 2 2 1 1 1= − + .	 (A18)

It is now time to isolate ADES. We start by switching the term that does not contain ADES to the opposite side 
of the equation, thereby rendering Equation A19.

	 R R R C C C R R A R AφDES DES DES1 2 1 2 1 1 2 1+ = + .	 (A19)

Factoring renders Equation A20.

	 R R R C C C R A R RφDES DES1 2 1 2 1 1 2 1+ = +( ).	 (A20)

Dividing Equation A20 through by (R2 1 R1) renders Equation A21.

	

R R R C C C R

R R
AφDES

DES
1 2 1 2 1 1

2 1

+
+( ) = .

	
(A21)

Equation A22 is a restatement of Equation A21. Also, Equations A23–A25 can be obtained by subtraction 
from the margin frequencies (see Equations A11–A14).
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The problem with Equations A22–A25 is that they are in terms of RφDES, whereas they must be in terms of 
desired strategy (RDES) and desired consistency (rDES–XX ′) to allow the proposed data analyses to be carried out. 
Fortunately, by instantiating desired values into the correction formula (see Equation 3) and rearranging the 
terms, it is possible to state RfDES in terms of RDES and rDES–XX ′, as is exemplified in Equation A26.

	 R R r XXφDES DES DES= − ′ .	 (A26)

Substituting Equation A26 into Equations A22–A25 renders Equations A27–A30, which are equivalent to 
Equations 8–11, respectively.

	
A

R r R R C C C R

R R
XX

DES
DES DES=

+
+( )

− ′ 1 2 1 2 1 1

2 1

.
	

(A27)

	
B

R R R R r R R C C C R

R
XX

DES
DES DES=

+( ) − +( )− ′1 1 2 1 2 1 2 1 1

22 1+( )R
.
	

(A28)

	
C

C R R r R R C C

R R
XX

DES
DES DES=

−
+( )

− ′1 2 1 2 1 2

2 1

.
	

(A29)

	
D

C R R R R R R r R R CXX

DES

DES DES=
+( ) − +( ) − − ′2 1 2 1 1 2 1 2 1CC C R

R R
2 1 1

2 1

+( )





+( ) .
	

(A30)



370        Trafimow and Rice

Appendix B

Goal: Prove Equations R1–R4 below (we used “R” to indicate that these equations are appropriate for relative 
performance). The proof strategy parallels that used in Appendix A for when there is only a single entity and an 
absolute standard of correctness; but this time, the consistency of both entities is considered (i.e., entity X and 
entity Y ), without the assumption of an absolute standard of correctness.

	
A

R r r R R C C C R

R R
XX YY

DES
DES DES DES=

+
+

− ′ − ′ 1 2 1 2 1 1

2 1(( ) .
	

(R1)

	
B

R R R R r r R R C CXX YY
DES

DES DES DES=
+( ) − − ′ − ′1 1 2 1 2 1 2 ++( )

+( )
C R

R R
1 1

2 1

.
	

(R2)

	
C

C R R r r R R C C

R R
XX YY

DES
DES DES DES=

−
+

− ′ − ′1 2 1 2 1 2

2 1(( ) .
	

(R3)

	
D

C R R R R R R r rXX Y

DES

DES DES DES=
+( ) − +( ) − − ′ −2 1 2 1 1 2 ′′ +( )





+( )
Y R R C C C R

R R
1 2 1 2 1 1

2 1

.
	

(R4)

We commence with the definition of a phi coefficient that is stated in terms of desired variables, rather than in 
terms of actual variables. We let RφDES symbolize the phi coefficient that results from a table of desired frequen-
cies, and we thereby obtain Equation B1.

	
R

A D B C

R R C C
φDES

DES DES DES DES=
−

1 2 1 2

.
	

(B1)

Consistent with Trafimow and Rice (2008), we fix the margin values at the obtained values, thereby rendering 
Equations B2–B5.

	 R1 5 r1.	 (B2)

	 R2 5 r2.	 (B3)

	 C1 5 c1.	 (B4)

	 C2 5 c2.	 (B5)

By definition, the margin values are sums of particular cell frequencies, thereby rendering Equations 
B6–B9.

	 R1 5 ADES 1 BDES.	 (B6)

	 R2 5 CDES 1 DDES.	 (B7)

	 C1 5 ADES 1 CDES.	 (B8)

	 C2 5 BDES 1 DDES.	 (B9)

Multiplying Equation B1 through by 
  

R1R2C1C2  renders Equation B10.

	 R R R C C A D B CφDES DES DES DES DES1 2 1 2 = − .	 (B10)

Rearrangement of Equations B6–B9 gives Equations B11–B14.

	 BDES 5 R1 2 ADES.	 (B11)

	 DDES 5 R2 2 CDES.	 (B12)

	 CDES 5 C1 2 ADES.	 (B13)

	 DDES 5 C2 2 BDES.	 (B14)

Substitution to eliminate BDES and DDES renders Equation B15.

	 R R R C C A R C C R AφDES DES DES DES DES1 2 1 2 2 1= −( ) − −( ) .	 (B15)

More substitution, to eliminate CDES, leaves an equation with only one unknown (ADES) and renders 
Equation B16.

	 R R R C C A R C A C AφDES DES DES 1 DE1 2 1 2 2 1= − −( ) { } − − SS DES( ) −( ) R A1 .	 (B16)

Expansion of Equation B16 renders Equation B17.

	 R R R C C R A C A A C R C AφDES DES DES DES D1 2 1 2 2 1
2

1 1 1= − + − + EES DES DES+ −R A A1
2 .	 (B17)
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Collecting the terms renders Equation B18.

	 R R R C C R A C R R AφDES DES DES1 2 1 2 2 1 1 1= − + .	
(B18)

It is now time to isolate ADES. We start by switching the term that does not contain ADES to the opposite side 
of the equation, thereby rendering Equation B19.

	 R R R C C C R R A R AφDES DES DES1 2 1 2 1 1 2 1+ = + .	 (B19)

Factoring renders Equation B20.

	 R R R C C C R A R RφDES DES1 2 1 2 1 1 2 1+ = +( ).	 (B20)

Dividing Equation B20 through by (R2 1 R1) renders Equation B21.

	

R R R C C C R

R R
AφDES

DES
1 2 1 2 1 1

2 1

+
+( ) = .

	
(B21)

Equation B22 is a restatement of Equation B21. Also, Equations B23–B25 can be obtained by subtraction 
from the margin frequencies (see Equations B11–B14).

	
A

R R R C C C R

R RDES
DES=

+
+( )

φ 1 2 1 2 1 1

2 1

.
	

(B22)

	
B

R R R R R R C C C R

R RDES
DES=

+( ) − +( )
+( )

1 1 2 1 2 1 2 1 1

2 1

φ
.
	

(B23)

	
C

C R R R R C C

R RDES
DES=

−
+( )

1 2 1 2 1 2

2 1

φ .
	

(B24)

	
D

C R R R R R R R R C C C R
DES

DES=
+( ) − +( ) − +2 1 2 1 1 2 1 2 1 2 1 1φ(( )





+( )R R2 1

.
	

(B25)

The problem with Equations B22–B25 is that they are in terms of RφDES, whereas they must be in terms of the 
desired strategy (RDES) and the desired consistencies (rDES2XX ′ and rDES2YY ′) to allow the proposed data analyses 
to be carried out. Fortunately, by instantiating desired values into the correction formula and rearranging the 
terms, it is possible to state RφDES in terms of RDES, rDES2XX ′, and rDES2YY ′, as is exemplified in Equation B26.

	 R R r rXX YYφDES DES DES DES= − ′ − ′ .	 (B26)

Substituting Equation B26 into Equations B22–B25 renders Equations B27–B30, which are equivalent to 
Equations R1–R4, respectively.

	
A

R r r R R C C C R

R R
XX YY

DES
DES DES DES=

+
+

− ′ − ′ 1 2 1 2 1 1

2 1(( ) .
	

(B27)

	
B

R R R R r r R R C CXX YY
DES

DES DES DES=
+( ) − − ′ − ′1 1 2 1 2 1 2 ++( )

+( )
C R

R R
1 1

2 1

.
	

(B28)

	
C

C R R r r R R C C

R R
XX YY

DES
DES DES DES=

−
+

− ′ − ′1 2 1 2 1 2

2 1(( ) .
	

(B29)

	
D

C R R R R R R r rXX Y

DES

DES DES DES=
+( ) − +( ) − − ′ −2 1 2 1 1 2 ′′ +( )





+( )
Y R R C C C R

R R
1 2 1 2 1 1

2 1

.
	

(B30)
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